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[ Chapter one }

Vectors

Many physical quantities such as area, length, mass and temperature

are completely described once the magnitude of the quantity is give, such
quantities are called scalars. other physical quantities called vectors are not
completely determined until both a magnitude and a direction are specified
such as force, velocity, and acceleration.

The vector represented by the directed line segment AB has initial
point A and terminal point B

terminal point
B

initial point
A

Vector in the plane:
The vector between P (x; , ;) and P,(x5 , 1,) is:

PPy =(xy —x))i+(y, = 3)J

Geometric addition (the parallelogram law):
Let V, =AB , V,=BC

Then V1+V2=AB+BC:AC
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Algebra of vector:

Algebraic addition:
Let V,=aji+bj
vi+v, Ve ]
Bl (bi+ b)]
Vi
by j
a 1 >
(31 + 32) 1 -

Two vector may be added algebraically by adding their corresponding
scalar components:

Vi+V,=(a,+a,)i+ (b +b,y)j

Example: If V;, =2i—5j and V, =4i+2j , find V,+V,
solution:
Vi+V,=2i-5j)+(4i+2))
=2+4)yi+(-5+2)j
=6i—3j

H.W: The vector u=4i+3j and v=5i+6j , find u +v
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Subtraction:
Let V,=aji+bj

=V, =(ay—ay)i+(b —by)j

Example: If V, =7i+3j and V, =2i—-6j , find V, -V,
solution:
V=V, = (Ti+3))~(2i-6))
=(7-2)i+(3~(-6))/
=5i+9;

H.W: The vector u=9i+6j and v=5i+2; ,find u —v

Length of the vector (magnitude):
, which may

The length of the vector is V' = ai + bj usually denoted by |V
be read (the magnitude of V):

V|=|ai+bj|=a® + b’

Example: find length of vector V' =3i -5
solution:

V| =Pi=5/]=(3)* +(=5)* =9+25 =34

H.W: The vector u =5i+2j , find the magnitude (length) of the vector u
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Multiplication by scalars:
The algebraic operation of multiplying a vector V' = ai + bj by a scalar C

C(ai +bj) =(Ca)i+(Ch)j

ICV|=|(Ca)i+(Cb) | = J(Ca)? +(Ch)?

=|CWa® +b* =|C|V]
Example: Let C=2 and V =-3i+4 then:
Solution:
V|=|-3i +4/|=+/(-37 + @)} =P +16=25=5
and

27| =[2(=3i+4))| =|-6i +8| = J(=6)? +(8)> =36+ 64
=100 =10 =2/

If C has been — 2 instead of 2 , we would have found:
[~ 21| = |- 2(=3i + 4, =|6i - 8 j| = 4/(6)? + (~8)* =~/100 =10
=[-2p

Example: Let vectors u=3i+2j and v=-2i+5; find: 1. 3u 2. —2v

Solution:
1. 3u=33i+2/)=303)i+3(2)/

=9i+6j

2. —2v=-2(=2i+5))=-2(-2)i +(-2)(5)j
=4i-10;
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Zero vector:
The vector 0=0i+0;

Is called the zero vector. It is the only vector whose length is zero, as we
can see from the fact that

|ai+bj|: a’+b* =0
a=b=0

Unit vector:
Any vector whose length is equal to the unit of length used along the
coordinate axes is called a unit vector.

Direction:

) ) V
Direction of the vector V = —

M

That 1s M a unit vector in the direction of V , called the direction of the

nonzero vector V.

Length of — ‘| |‘ |V| =1

o

The zero vector 0 has no defined direction

Example: find the direction of 4 =3i—4;

solution:

Direction of A:i_ 3i—4) _3i-4j 3. 4.

A4 Jorw—ay V5 5 s

To check the length, we can calculate:

3. 4. (3]2 (4)2 9 16 _[2
—l——]|= — + | — = — =
55 5 5 25 25 \25




Properties of vector operations
Let u, v, wbe vector and a2, bbe scalars

l.u+v=v+u 2. (u+v)+w=u+(v+w)
3. u+0=u 4. u+(—u)=0

5.0u=0 6. lu=u

7. a(bu) = (ab)u 8. a(u+v)=au+av

9. (a+b)u =au+ bu

Vector in space:
The vector R in space represented as:

z
R=xi+yj+zk A
P(x,y,z)
R
0 &- >y
X

The vector between two points P and Q
PQ =(x, =x)i+ (= n)j+(z —z))k 7z

t Q (XZ » Y2, ZZ)

/.

P(xi,y: ,.zl)/
o >y
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Algebra of vectors:
Vy=a,i+b,j+ck

Addition:

Vi+V,=(a,+a,)i+ (b, +b,)j+(c, +c))k

Subtraction:

Vi=V,=(a,—a,)i+ (b —b,)j+(c; —cy)k

The magnitude or length of the vector:

V =ai+bj+ck
V= Ja + b2 + ¢
.. \Y
Direction of vectors V: V= M

Example: find the length of vector 4 =i -2+ 3k
Solution:

4 =(1)? +(=2)% + 3)°
_ 15419 =44
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Example: find a unit vector u in the direction of the vector from P(1,0,1)
to P»(3,2,0).
Solution:

P P,=(3-1)i+(2-0)j+(0—-1)k

=2i+2j—k
PP =@+ +(-1)
=J4+4+1=49=3

PP 2i+2j—k 2. 2. 1
== =—i+—j——k
P17, 3 373773

Example: A force of 6N is applied in the direction of the vector

V=2i+2j—k , express the force as a product of its magnitude and
direction

Solution:

: T 4
The force vector has magnitude 6 and direction — , so:

v
F=6K=6 2i+2j—k :621+2]—k
@+ + (1) V9
:62i+2j—k
3
=4?i+gj+lk]
3 3 3
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H.W:

1. Let the vector u =—i+3j+k , find lu

2. find the length and direction of the vector v=4i+3j + 2k

3. find the length of the vector with initial point P(-3,4,1) and terminal
point Q(-5,2,2)

Midpoint of a line segment:
The midpoint M of the line segment joining points Py(x; , v, , z;) and
P>(x2, 2, z2) 1s the point:

X1 +Xy Y+ Zl+22j
2 7 2 72

Example: the midpoint of the segment joining P(3,-2,0) and P,(7,4,4) is:

9

(3+7 —2+4’O+4)=(5’1,2)
2 2 2
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The dot product:
Dot product also called scalar products because the resulting products are
numbers and not vectors. To calculate u.v from the component of u and v
we let:

u=ai+bj+ck

uy = ‘uw cosd

Where 6 is the angle between u and v

u.v

cosl =

]y

uv =a,a, +bb, +c,c,

Two vector u and v are perpendicular or orthogonal if the angle between

.
them is 5 for such vectors, we have:

uv=>0 ——>> Because cos(%) =0

Properties of the dot product

if u#, v, and ware any vectors and cis a scalar:

1. uv=vu

2. (cu)v=u.(cv)=c(u.v)

. u.(v+w)=uv+uw
2

4. uu :Eu‘

5.0u=0

10
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Example: find the angle 0 between 4 =i—2;—2k and B=6i+3j+ 2k

Solution:
AB=(1)(6)+(-2)(3) + (-2)(2)

—6-6-4=—4
4= (1) +(=2)% +(=2)* =T+4+4=9=3
B|=(6)> +(3)* +(2)* =36+ 9+ 4 =/49 =7

AB -4 —
cosf=——=— — 9=cos_12—f=100.790 ~101°

Example: find the angle between the vectors u =2i+j , v=i+2j—k
Solution:

uy = (2)(1)+ 1)(2) + (0)(-1)
=2+2-0=4

U =+/(2)> +(1)? +(0)> =~4+1+0=+/5

M=) +(2)2 + (1) =~T+4+1=+6

uy 4 _ 4
ulp| " V546 30

0 = cos— 12 = 43.00° ~ 43°

30

cosf =

H.W: find the angle between the vectors u =2i—2j+k , v=3i+ 4k

11
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Vector projections and scalar components:
The vector we get by projecting a vector u onto the line through a vector v
is called (the vector projection of u onto v), sometimes denoted:

proj,u ==> The vector projection of # onto v

9 projyu,

7

Lengt;: —u|cos@ Lengtb;Tu\ cos 6

The vector projection of # onto v is the vector:

. u.y
proju=| — v
ul

2
Where |v| =V.y

The scalar component of # in the direction of v is the scalar:

12
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Example: find the vector projection of u = 6i + 3/ + 2k onto
v=1i—2j—2k and the scalar component of u in the direction of v

Solution: we find proj u from equation:
wy (O +G)=2)+(2)(=2)
vy (D) +(2)(=2) + (-2)(-2)

_6-6-4
1+4+4

proj,u = (i=2j-2k)

(i—2j—2k)

4 4. 8. 8
=——{-2j-2k)=—=i+—j+—k
9( J—2k) TR

We find the scalar component of # in the direction of v from equation

|u|cos9 u. ﬁ
M=y +(=2)7 +(=2)> =T+4+4 =0 =3

ulcos 8 = (6i + 3+ 2k). L =2 = 2K)

[u|cos 6 = (6i+3j+2k).(§i—§j—§k)
1 2 2 4 4
= (6)(5) + (3)(—5) + (2)(—5) = 2—2—5 =3

13
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Example: vectors u=5i+12j and v = %i +ik , find:

1. the vector proj u
2. the scalar component of u in the direction of v

Solution:
1.

, u.y
proju=—y
A%

6ﬁwummﬂw03 s 3 3 a4

i+ 2k = Citih
%&>wm)ﬁﬁ55 s 9,165 s

25 25
3. 4 __. 12
—3(§l+§k)— Sk
2.
|u|cos€ ui
v
25
=.|—+— — =41=1
|v| \/() () 25 25 25 g

[u|cos @ = (5i + 12]').(21' +%k)

=6@wﬂmmﬂw§

=3

H.W: vectors u =—2i+4j—«/§k and v:2i—4j+«/§k , find:
1. the vector proj u
2. the scalar component of u in the direction of v

14
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Cross product:

Two vector u and v in space if u and v are not parallel, they determine a
plane, we select a unit vector n perpendicular to the plane by the right-hand
rule. This means that we choose n to be the unit (normal) vector that points
the way your right thumb points when your fingers curl through the angle 0
from u to v

Then the cross product u x v is the vector defined as follows:

UXV= (‘quﬂ sin@)n

Properties of the cross product

if u#, v, and ware any vectors and r, sis are scalars, then:
« (ru)x(sv) =(rs)(uxv)

UX(V+W)=UXV+UXW

vxu=—(uxv)

(V+W)xu=vxu+wxu

Oxu=0

UxX(vxw)=(uw)y—(uv)w

DN R W=

When we apply the definition to calculate the pair wise cross products of i ,
J, k we fined:

15
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ixj==(jxi)=k
Jxk=—(kxj)=i
kxi=—(ixk)=j
ixi=jxj=kxk=0

|u X v| Is the area of a parallelogram
Because n is a unit vector, the magnitude of u x v is:

]u X v{ = \quHsin 6’“}7‘ = ‘uﬂv‘ sin@

This is the area of the parallelogram determined by u# and v, u| being the

base of the parallelogram and |v||sin 0| the height.
Area=base . height

= |uv|sin 6|

= ux

h=

V|sin 9|

Example: find uxv and vxu ff u=2i+j+kand v=—4i+3j+k
Solution:
i j k
uxv=|2 1 lz‘
3 1

1 1‘, ‘2 1
l_
—4

31 -4 1

21‘

|+ k
/ ‘—4 3

= (DD =ME) = (D) = MEDH) ) +((2)3) = (D(=4)k
=(1-3)i-(2+4)j+(6+4)k
=-2i—-6j+10k

vxu=—(uxv)=2i+6j—-10k

16
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Example: find the area of the triangle with vertices p(1,-1,0) , Q(2,1,-1)
and R(-1,1,2)

>

Solution: R(-1,1,2)

The area of the triangle is

(%) |W X ﬁ| . in term of components

/ /
/ /
e /

% 02, 1,-1)

PQ=2-Di+(1+1)j+(-1-0k=i+2j-k

PR=(-1-Di+(1+1)j+(2 -0k =-2i+2j+2k

ik
. 2 1 |1 -1 |1 2
PQxPR=|1 2 -1 = i— j+ k
2 2 2 2 -2 2

2 2 2

=((2)(2) = (=D2))i = (D2) = (=D)(=2))j + (D(2) = (2)(=2))k
=(4+2)i-(2-2)j+(2+4)k
= 6i + 6k

Hence, the triangle's area is:

|PQ x PR| =6i + 6k| = /(6)* + (6)* =72 = 642

The triangle's area is half of this = 3~/2

17



Example: find a unit vector perpendicular to the plane of p(1,-1,0),
Q(2,1,-1) and R(-1,1,2)

Solution:
Since m X PR is perpendicular to the R(-1,1,2)

Plane, its direction # is a unit vector
Perpendicular to the plane

__ PQXPR
= e

PQ=Q-1D)i+(+1)j+(-1-0)k=i+2j—k

PR=(~1-Di+(1+1)j+(2—0)k =—2i+2j+2k

i j k
— — 2 -1 1 -1 1 2
PQXPR=|1 2 -1= i— Jj+ k
2 20 -2 2 -2 2
-2 2 2
=61+ 6k

|PQ x PR| =[6i + 6k| =/(6)> +(6)* =72 =632

C6i+6k 1, 1

_6«/5_«/El+«/§k

n

18
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H.W: Triangle with points P(1,-1,2), 0(2,0,-1) and R(0,2,1) , find:
1. Area of the triangle.
2. a unit vector perpendicular to the plane POR.

Triple scalar or box product:
The product (u xv).w is called the triple scalar product of u, v and w.
As you can see from the formula:

|(u X v).w| = |u X v||w||c0s 9|
The absolute value of this product is the volume of the parallelepiped
(parallelogram — side box) determined by u, v and w. the number |u X v| 1s
the area of the base parallelogram. The number |w||cos 6’| is the

parallelepiped's height. Because this geometry, (u xv).w is called the box
product of u,v and w.

/
w7
| __ /
d 7
4 /
w /
/ Area of base
height=|w|cos6) 0 Y A =ux]
' volume=area of base . height
' — Cwalieosd

= ‘h‘ X 1".1\'

To calculate the triple scalar product:

Let u=aji+bj+ck
v=a,i+b,j+ck
w=ai+byj+cik

Then

a b ¢
(uxviw=la, b, ¢,

ay; by o

19
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Example: Find volume of box (parallelepiped) determined by
u=i+2j—k ,v=-2i+3k and w=7j—-4k

Solution:
1 2 -1
(uxvyw=-2 0 3
0O 7 -4
:‘0 3 (1)—‘_2 3‘(2)+‘—2 0‘(_1)
7 -4 0 -4 0o 7

=[0)(—4) = B)D]D) - [(-2)(~4) - B)O)]2) + [(=2)(7) - (0)(O) |-1)
=0-2D)1)—-(@-0)2)+(-14-0)(-1)

= (=21)(1) = (8)(2) + (-14)(-1)

=-21-16+14=| _»23

The volume is |(u X v).w| = 23 units cubed

H.W: Find volume of box (parallelepiped) determined by u =i+ j — 2k ,
v=—i—k and w=2i+4; -2k

Equation lines in space:
Suppose that L is a line in space through a point P,(x, , ¥, » Z,) Parallel
to avector v=ai+bj+ck ,then L is the set of all points p (x,y,z)

for which PO—P 1s parallel to v. thus PO—PZ tv for some scalar parameter 7.
the value of # depend on the location of the point P along the line.
the expanded from of the equation:

zZ
A

Po:(Xo s Yo, Zo)

%,y,@

L/
Q/V'
0\

Y

20
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PP=1tv
(x=x,)i+(y=y,)j+(z—-2z,)k =t(ai+bj +ck)

X—x,=1la
y—y,=tb
z—z,=1Ic

From equation above:
The parametric equation for the line through P,(x, ,y, , z,) parallel to
v=ai+bj+ck:

X=X, +1la
y=y,+tb
z=z,+Ic

Example: Find parametric equations for the line through the point (-2,0,4)
parallel to the vector v=2i+4;—2k

Solution:
With P,(x, , V. , 2o) = (=2,0,4)

x,=-2 ,y,=0 ,z =4

and v=ai+bj+ck=2i+4j-2k
a=2 ,b=4 ,c=-2

xX=x,+tat ——> x=-2+2¢
y=y,+bt /——> y=4¢

z=z,+ct ——> z=4-12t

21
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Example: find parametric equation for the line through the points
P(-3,2,-3) and Q(1,—1,4)

Solutioiz the vector
PQ=(1-(=3))i+(-1-2)j+(@4—-(3)k

PQ=4i-3j+7k

The vector is parallel to the line with chose P as the (base point):
Po(xo ayo 9 ZO) |:> P(_3729_3)

x,==-3 , y,=2 ,z,=-3
X=x,+tat ——> x=-3+4¢
yv=y,+bt —=> y=2-3¢
z=z,+ct —=> z=-3+T7t

We could have Q as the base point

H.W:
1. Find parametric equation for the line through the point P(3,—4,—1)

parallel to the vector v=i+ j+k

2. Find parametric equation for the line through the points P(1,2,—1)
and O(—1,0,1)

The distance from a point to a line in space:
To find the distance from a point § to a line that passes through a point P
parallel to a vector v :

_ [PSxv]
4

d

22
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Example: Find the distance from the point S(1,1,5) to the line
L:x=1+t ,y=3—-t ,z=2t

Solution: from the equations for L
L:x=1+¢t ,y=3-t ,z=2t

x=x,+at ,y,+bt ,z=2z +ct

x,=1,y,=3 ,z,=0 ——=>| P(1,3,0)
a=1,b=-1, c=2

and v=ai+bj+ck —=> | Vv=i—j+2k

PS=(1-Di+(1-3)j+(5-0)k

ﬁ:—2j+5k
ik
— -2 5. 10 5 |0 =2
and PSXv=|0 -2 3|= i— Jj+ k
{ { 2 -1 1 2 1 -1

=[(-2)2) - G)(=D]i - [(0)2) - )D]) + [0} - (=2)D) ]k
=(—4+5)i—-(0-5;+0+2)k

=i+5j+2k

g Pl _ 0P _Is25d o _
vl Ja?+ 12+ 27 Vi+l+4 V6

H.W: Find the distance from the point §(0,0,12) to the line
L:x=4 ,y=-2t ,z=2t

23
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Equation for plane in space:
Suppose that plane M passes through a point P,(x, , ¥, , z,) and is normal
to the nonzero vector n= Ai+ Bj + Ck , then M is the set of all points

P(x,y,z) for which PO—P is orthogonal to n. Thus the dot product

I n Plane M

/

P(x,y,2
n.P,P =0

L )
Po(%0, Yo, 2) /
This equation 1s equivalent to:

(Ai+Bj +Chk)[(x=x))i+(y=y,)j+(z—z,)k]=0

nl plane

Ax—x,)+B(y—-y,)+C(z—z,)=0 | ==> Component equation

This becomes:
Ax+By+Cz=Ax,+ By, +(z,

When rearranged or more simply:

Ax+By+Cz=D | ——=> Component equation simplified

Where D= Ax,+ By, +(z,

Example: Find an equation for the plane through P,(=3,0,7) perpendicular
ton=5+2j—k
Solution:
A=5 , B=2 ,C=-1
z

Ax+By+Cz=D
Where D= Ax,+ By, +(z,
=()(=3)+)O) +(=D(7) =-15+0-7=-22
5x+2y—z=-22

24



Example: Find an equation for the plane through 4(0,0,1), B(2,0,0) and

C(0,3,0)
Solution: we find a vector normal to the plane and use it with one of the
points (it does not matter which) to write an equation for the plane:

AB=2i—k

AC=3j—k
A R TR
ABXAC=[2 0 —1I|= i— j+ k
3 -1 o -1 |0 3

0 3 -1

=[O = (D3} - [2)(-1) = (-1)(0)]j +[2)3) - (0)(O) [k

=0+3)i—(-2-0)j+(6-0)k
=3i+2j+6k
A=3 , B=2 ,C=6

Po = A(anal) — X = O

Ax+By+Cz=D

Where D= Ax,+ By, +(Cz,

=(3)(0) +(2)(0) + (6)(1)
=0+0+6=6

3x+2y+6z=6

As an equation for the plane

25
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Example: Find the point where the line
X = % +2t ,y=-2t ,z=1+t Iintersects the plane

3x+2y+6z=6
Solution:

The point (g +2t, —2t , 1+¢) lies in the plane if its coordinates satisfy the

equation of the plane, that is if:

3(% +26)+2(-2t)+6(1+1)=6

8+6t—4t+6+6t=6
8t+14=06

8t=6—-14

8 =—-8 m—— t=—1

The point intersection is:

8 2
(X, ¥,2),._, = (5 —-221-1)= (5,2,0)

H.W:
1. Find an equation for the plane through P,(0,2,-1) perpendicular to
n=3i—-2j—-k

2. Find an equation for the plane through P(1,1,-1), O0(2,0,2) and
S(0,-2,1)

The distance from a point to a plane:
If P is a point on a plane with normal n, then the distance from any point §

to the plane is the length of the vector projection of PS onto n. that is, the
distance from S to the plane:

o= Jps

Where n = 4i+ Bj + Ck is the normal to the plane

26
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Example: Find the distance from S(1,1,3) to the plane 3x+2y+6z=6

Solution: the distance from § to the plane is:

4= [PS.

From equation of plane Ax+ By + Cz =D

3x+2y+6z=56
, B=2 ,C=64=3

n=Ai+Bj+Ck —=> .| n=3i+2j+6k

The points on the plane easiest to find from the plane's equation are the
intercepts. If take P to the y-intercept (0,3,0), then:

PS=(1-0)i+(1-3)j+(3—0)k ——>| PS=i—2j+3k

=3+ (22 1 (6) =0+ 4436 =8 =[ 7

(3i +2j + 6k)|

3. 2 6
i—=274+3k).(=i+—j+—k
(i-2j )(7 - 7)‘

cod=|i—-2j+3k).

3 2 6
= ‘(D(;) =20+ (3)(7)‘

3 4 18 17
= 94— = —
T 7 7 7

27
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H.W:
1. Find the distance from the point §(2,-3,4) to the plane x+2y +2z =13

2. Find the distance from the point S(0,—1,0) to the plane 2x+ y +2z =13

Angle between planes
The angle between two intersecting planes is defined to be the acute angle

between their normal vectors.

0 = cos!| 12
I, an]

n,
ny

Plane 2

/ Plane 1

1y X 1y

28
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Example: Find the angle between the planes 3x —6y—2z =15 and
2x+y—-2z=5

Solution: from equation of plane Ax+ By +Cz =D
n=Ai+ Bj+ Ck

Forplanel: A=3 , B=-6 ,C=-2
o =3i—6/ 2k

Forplane2: A=2 , B=1 , C==-2
' i+ j—2k

1y

are normal to the planes. The angle between them is:

ol nyn
6 = cos ik
i

n.n, =Q3i—6j-2k).(2i+ j—2k)
nn, =3)2)+(=6)1)+(-2)(-2)=6-6+4= 4

| =J3)* +(=6)% +(=2)> =9+36+4 =49 < 7

| =@ + ()2 +(=2)" =A+1+4 =9 =] 3

. 0= cos_l(ij ~ 79°
21

H.W: find the angle between the planes x+ y=1and 2x+y—-2z=2

29



